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Abstract 



Are certain basic (manipulating and other) skills still necessary in math teaching? If so, 
then we should talk about which ones and in which amount. Some examples shall demon- 
strate that we can use modem computer and hand held technologies to encourage pupils 
and students of all levels to practise those skills which might be neglected in many cases 
using technology in math education. The examples presented have proved to be successful 
in classes but certainly there are many possibilities to improve the basic ideas in many 
ways using the features of all resources available at the moment. 



At almost all discussions on the use of a CAS in teaching mathematics the question appears if mathe- 
matical basic (manipulating) skills are lost by using computers or not. At the same occasions it is em- 
phasized by the members of the discussion that there is a need in investigating which basic skills are still 
necessary and in which amount. 

I start from my point of view that - at this moment - we cannot and should not do without certain basic 
skills in mathematics. I feel unable to give any forecast for the future. I am sure that we could signifi- 
cantly rise the acceptance of technology in teaching mathematics by sceptic and critical teachers or 
technology refusing educational systems if we would be able to apply technology not only to present real 
life problems or new - for some people radical - didactical approaches but also to improve basic calcu- 
lating and manipulating techniques and mathematical capabilities. We can very consciously practise all 
those techniques using technology which could be neglected by a (too?) intensive use of the technology. 

It would be necessary and helpful to set up a list of such basic techniques which teachers would like to 
have practised by their students. From my own experience I can say that it is very useful to provide the 
pupils - or students - with tools which enable them to help themselves in case of troubles and difficul- 
ties. It is not sufficient to have a textbook with lots of examples followed by the solutions and the stu- 
dents don't find the way from the problem to the solution. At the other hand it is not sufficient to have 
problems followed by a step by step solution. Sometimes it could be useful to work out a student - com- 
puter interactive strategy to help overcoming some deficits. 

The teachers should present their wishes and visions independent of any special soft- or hardware and 
without any need of producing ideas how to realise their ideas. The software people could present or 
describe potentialities which might be unknown by most of us teachers. 

I collected a few ideas of skills which could be practised and improved using computers (that is only a 
glimpse and I know that the discussion could lead to the conclusion: "we don't need this or that any 
longer in computer age".). 
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Estimating numerical results 
Working with percentages 
Working with fractions 

Elementary algebraic operations (factorising, ) 

Recognising types of functions by their graphs 

Functions (Relations) and their various representations 

Solving equations (linear, quadratics and systems of equations) 

Calculus techniques 

Improving 2D and 3D imagination 

Calculating mentally 

Transformations of functions 



Incited by ideas from J. Vermeylen (Belgium), Heinz Rainer Geyer (Germany) and J. Wiesenbauer 
(Austria) I tried to produce training- and practise programs for my students (secondary level II), which I 
want to present as seed for further developments. The platforms are DERIVE and the TI-92. The only 
reason for that is because I mainly use those to CAS. I am sure that you can use each of the available 
systems, but the goal must be to develop softeware products which will meet our - the teachers' and the 
students'- very special wishes, ideas and visions. 

I have tried to work with such tools since long. In my first years working with computers I produced 
programs written in BASIC. It is quite nice to follow the development of hard- and software on one 
application: The Rule of Vieta, presenting random generated examples. 



I will allow a nostalgic look into the program code - I am happy to have done this a couple of years ago. 
It helps a lot to program with modem software tools. 



VIETA - UDUMGSrRGGRArtn 



Aufgahc 2 dauon richtig: 1 



g* - yq * 20 ■ 


- Q 






Uie heifVt die 


1 . 


Losung 


q = ? 5 








1 


Mie lie i lit die 


Z . 


Losung 


q - Y 








? 


Icidcr falsch 


t 
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'mmtmmmRwm 



35 



uB 



mmmaim 



10 ' **** Tra iningsprogrann zun Uieta'schen Wurzelsatz 
15 ’ *** Programmname fl 1 
20 ' Bohn 1985 

25 COLOR 15, 1 
30 RAND0MI2E TlflER 

100 CLS : LOCATE 5, 20: PR 1 NT "U I E T A - 0 BUNGS PR0GR Ann" 

110 LOCATE 6, 20: PRINT " " 

115 AU = AU ♦ 1 

120 LOCATE 8, 10: PRINT "Aufgabe"; AU 

130 LOCATE 8, 40: PRINT "dauon richtig:"; R 

135 FOR 2 = 14 TO 22: LOCATE 2, 1: PRINT STRING$(75, " "): NEXT 2 
140 T = 0 □ 

200 B = INT(RND(1) * 26) +97 

210 XI = INT(RND(1) * 21) - 10: X2 = INT(RNDd) * 31) - 15 
215 IF XI * X2 = 0 OR XI = -X2 THEN 210 
220 B$ = CHR$ ( B ) 

225 HI = -XI - X2: K2 = XI * X2 

226 IF HI < 0 THEN Ul$ = ELSE Ul$ = "+" 



n 




rUrtSCH+Fl=H i 1 f e F6=Fenster FZ=SUBs F5=Ausf F8=Schritt 


1 — 




Then I changed to DERIVE working with a class in the computer lab: 







»3: UIEC3, x) 



B4 : 



x - 43 = 0 



x - 21 x + 108 = 0 



x - 5 x - 6 = 0 



x - 43 = 0 



»5: H 



x - 21 x + 108 = 0 



x - 5x - 6 = 0 



» 6 : 




Congratulations if you are right. Now try the next fiue problems? 



Press any key to conti nue_ 
Simp(tt5) 



Free : lOOx 



Deriue Algebra 



The idea stayed the same, the tool changed and it changed once more to handheld technology. I redisco- 
vered my old BASIC-program, converted it to the TI's syntax and we practised "Vieta" in the lessons, in 
the breaks, at home, sometimes in the train or sometimes just for fun or - how a student told us - as a 
means to find her concentration before learning for other subjects. 
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Practise the Rule of Vieta 









Problems: 1, correct 1 




Problems: 3, correct 3 


g 2 + 18g + 8Q = Q 




c 2 - 10 c- 11 =0 


1. Solution: 




1. Solution: 


-10 




-11 


2. Solution: 




2. Solution: 


-8 




1 


right 




sorry, false xl = 11, x2 = ’1 


End = ESC. next = any 




End = ESC. next - any 


MAIN DEG AUTO FUNC 0^30 RTTTI 




MAIN DEG AUTO FUNC 0/30 I3IWI 



Allow me another remembrance to my BASIC past: a program to revise the students' knowledge on set 
theory. I am still using that tool, the students like it and it doesn't take too long time to achieve quite 
reasonable results. 





(A \ B) \ (A \ C) = {9,17,15} 
Das stinnt leider nicht. 

(A S B) S (A S C) = (16, 1Z,Z5> 



\ P r o b 1 e n : (ftUB) fl (ftUC) fl (BUCTI 











; 


Fiir die flengen nur • 
den Buchstaben, fiir > 
die Teilmengen nur { 
die Ziffer eingeben. [ 




Teilmengen uerden 
grim gefiillt. Beleg- • 
te Teilmengen konnen \ 
durch nochmaliges An-" 
sprechen geleert uer- j 
den. i 

Die Eingabe kann ab- p 
geschlossen uerden, | 
uenn nur mehr dunkle f 
Teile vorkommen. | 




* ; r " ‘s-y. \v 




--.vAAXi- . *..* .» 


"1 


| ? lost das Problem ! f* 
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Some other examples are following: 



Practise factorising (Jan Vermeylen) 




POL(n) produces n random 
number generated problems. 

The students have to factorise 
using pencil and paper and 
then check their solution. 

The file could easily be chan- 
ged to practise special types 
of factorizations if necessary. 



(This example is some years old and could be adapted to other platforms) 

It could look like the next trainings tool (J.Bohm). My students liked it and used it: 



|V : Jii urjc ' i It 






(IQ f -3 o) 2 






Losung! 

<100f^2-3Of*o+9o^2> 






leider falsch! 

100 f 2 -60 f o+9-o 2 
Menue = ESC, ueiter = 


bel iebiq 




MAIN DEG AUTO 


FUNC 1/50 


irnn 



r hUEM k fi* Y I 

llnfo & EndeUld- SaSonst i ges | I 






1 2* Kubus 
1 3: (a+b><a-b) 






binomO 


TYPE OR USE ♦ IENTER)=QK AND tESC]=CANCEL 










1 


(7'Z + 7 d - 5 n) 2 






Losung: 

49z' N 2+49d' s 2+! 






MAIN DEG AUTO 


FUNC 1/50 






They practised squaring and cubing binomials, squaring trinomials, multiplying binomials mentally and 
with "Bunt gemischt" they are presented a random generated sequence of problems. So you can have 
competitions in the class room and the pupils become very very busy, even the weaker ones. 



The next example is from H.R.Geyer to help students improving their mentally calculation skills. 
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► SIJIWUJKJ*!.-, »D> = 



** i Kiii* < 10 . i on i = 



i«m 

1WM 



►:mt on ecu [- 




t*> - 10a. •if* — ».;g 



rjwHAt*i>: >mi;rrra |».i c c n h-miIms 6»r,i*.'. : r iM „ l i r-tow tie 1 Ju*». aoi.j.*? 

ntA i I>n* Milt Quit. Umr-XHS* liat.lilu Trourwr llar.nnyo nirt)*> If l initio ni'prtiK 

J>JI1 G: \f/KH Mini .Mini. <17 Vt’T rpn^K 1 '!/- n*«rm>- nin<‘i.i>J 



aZZ : s^irail 

r 3 "de element is 22 



L "bet 


” "werschil is : 


” 13 J 


r 3 


"de element is 


M, 


!■ "bet 


" "werschil is : 


•• M J 


7 


"de element is : 


” -103 


"bet * 


"werschil Is 


-19 


f M 


"de element Is : M 


32 1 


l 2 


"de son is 


-39 J 


r w 


"de element is 


B. , 


ll« 


"de element is 


113 I 



J. Vermeylen produced a DERIVE 
file to have lots of "standard pro- 
blems" dealing with arithmetic series, 
"verschil" is the difference d of the 
series. 



The other screen shot stems from a very busy discussion in the DERIVE community to produce a sort 
of report when solving an equation and applying various equivalence transformations. Johann Wiesen- 
bauer solved the problem with a very sophisticated tool. 

So students are able to reproduce, what they have done using paper and pencil and check their results 
with the computer's ones. They find their mistakes by themselves. 
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I found it useful and necessary as well that students can find the equation of a linear function, seeing its 
graph. They also should be able to have an imagination of the graph seeing the linear function very 
quick: "Match the Line!" 





Equation 

? 

y=x/4 
f alsCh 
X 

T 

Taste, Ende=i 


V 






... X 


in St 


rtUTO rime i/i* 





ueiter* w 
Ende -► ENTER 
Equation 
? 

yo4-3/4X 
richtig 
Taste, Ende=« 


v N 






X 

X 


■M BL 


smith rune 





TTTy r** r r < Y 

i i c |Othi •• * |Prgn IOpU e-ia * 


ueiten u 
Ende * ENTER 
Equation 

? 


V N 






X 

X 


1 tL 


LiMIfl £MiH_L20 



S(ai^t.T«lbavWS.iot 




Ende ENTER 
9 y = '2 ■ x + 45 
xl , yl 
5,35^9 
x 2 ,y 2 


y 


























x 










TU DEG AUTO ru NCJ/JO 



"Find two points!" 

You enter the second point, see a second "ball" on the grid and if 
you are lucky the line passes the two "balls". The linear function 
appears in various representations (explicit, implicit, ..) 



Finally I produce a "game". Give some random points on the grid 
and let the students hit them with as few lines as possible, or do that with parabolas 





Gerade! 
<Ende = e) 
? 

y=l-x/3 


• • ■ p • • ■ ■ 

• • □ 

□ . . 


Q 


• □ 

Q 




nm sl 


AUTO rune 009 



Y i Y Y ” Y *» 

- fc--|ru : i« br.i:k: ilc lOthMMPrgnlOkii^i!' 


Gerade! 
(Ende « e) 
? 

y=4->1 


. .•□.... 




• P 

o 




MAIN DEG AUTO rUHC (YJO 



Another tool helped one of my classes to improve their differentiating and integrating skills. I produced 
a program calc() for the TI-92 and then they were able to practise whenever they had some time and 
what they found to be necessary for them: 



[info Endeloi f f erenz ierenl^WR^SJ^PSf^ 




1 TPolynonfunktionen 
2:Sunne oon Potenzfunktionen 
3: Substitution 




9 : parTiel le Integration (n. ST? 
6 ! Partialbruchzer legung 
7: Bunt genischt! 






calcO 


£ik£ 


DEG AUTO FUNC 



flnfo^ Endef^^ffRI^^^ffiHflntegr ierenT^ 




1 t Po 1 ynonf un kt i onen 
2:Sunne won Potenzfunktionen 
3 s ProduktregelCe 1 enentar ) 




^sKetlenregef 1 
biKettenregel 2 
?t P roduktregel (konplex) 
8 *Quotientenregel (konplex) 
9 : Bunt genischt! 






calcO 


calc 


deg auto tunc ?oo 







-5-(x 3 -4x 2 -3x-2)e x 




2 




‘2.5(3x^2-8x-3)**Xx> 
falsch, richtig wdrei 
“5 (x 3 - 7 ■ x 2 -f 11 x- 13) e x 




2 

we iter: [ENTER J Menu: [ESC! 




CALC DEG AUTO TUNC 700 


nnu 



;‘«riY . Y.! i* Y 


...I s5 ..... ) 


h is— hiw-br4.|C nefe 




Diff erenziere* 




-8 x 2 - 2-x + 5 




ln( x) 




< ln(x)*( *l 6 x- 2 )-< 
<x) A 2 ) 


-8x A 2-2x+5)*<l/x>>/<ln 


richtig 

we iter: [ENTER I 


Menu: [ESC I 


CALC DEG AUTO 


rune ?m IJIU'J 



There can be lots of improvements, I know. It would be better to explain the way how to do it correctly 
to have really a learning tool. What do you say ro the next program, written by Philippe Fortin from 
France. He calls the program "stepder" from "Stepwise deriving functions": 



best copv AVAILABLE 
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Computing the derivative of 




Computing the derivative of 


f(x) = x 3 sin(x 3 ) 




fl(x) = x 3 


ffx) = flfx) ■ f2Cx) 




X 

> 

3 

11 

3 

X 

> 

3 

1 


= -&(f Kx» ■ f2(x) + f2<x)) f l(x) 




^(fl(x)) = 3* 2 


Derivative of f actor #1 




Derivative of factor #2 


Computing the derivative of 




Computing the derivative of 


fl(x) = x 3 




f2(x) = sinCx 3 ) 


STEPPER RAO EXACT FUNC 30/30 




STEPPER RAO EXrtCT FUNC S0/J0 liTC'W 



&i 7'HiY rr T * T 


i>- Y *v Y 


4 1 


h list 










u(x) = X 3 

The derivative of 


4<u<x>> is 




u' <x).4‘ <u<x)) 
4(x) = sin(x) 

The derivative of 


4 is 




= cos(x) 






f2(x) = sin(u(x)) 






STEPPER RAO EXACT 


FUNC 30/30 


IHIH« 







c2 x*' 1 ' 
Der iv 
Compu 

f2fx) 
It 1 s 
f2(x) 
♦fx) = 
u(x)j= 


Hx;j - o *x 

'ative of f actor #2 
iting the derivative of 

= sinfx 3 ) 

a functions composition 
= 4(u(x» 

1 sinCx) 

1 X 3 


STEPPER RAP EXACT FUNC 30/30 iri'W’ 








Computing the derivative of 
u(x) = x 3 

<x A n)' = n x A <n-l ) 
then . . . 

-^(f2(x» = 3x 2 cos(x 3 ) 

STEPPER RAP EXACT FUNC ^0/^0 



50 






. c^: U -;iT , 



then . . . 

-~(f2(x)) = 3 x 2 cos(x 3 ) 

The derivative of 
f(x) = fl(x)f2Cx) 
is then : 

-^(f(x)) = 3 x 5 • cos(x 3 ) + 3 • x 2 sin(x 3 ) 
End of the step by step computation. 

STEPP ER RAP EXACT FUNC 30/30 



D 



iirn'Hi 



The last example is part of a whole sequence to teach the pupild how they can help themselves reaching 
a sound level in working and manipulating with fractions. 

Before working with fractions we had together developed a function to calculate the GCD of general 
expressions, to check the common denomnator and then we used a selfmade function ew(expr) to find 
the expanding factor for the denominator expr with a common denominator gn. 

Step by step the students can perform their calculation and check it using the calculator. 
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From the TI 92 Worksheet 3 



We have predefined a function ew(expr) which returns the expanding factor for a fraction with deno- 
minator expr and the given common denominator gn 



Train your skills in calculating and manipulating with fractions 



Example 2: 



16a + 376 6ab 

4^ + 10 b 4a 1 -25b 2 



Calculate without the 77. Write down your result: 



Here it is. 




Can you find a reason why this calculation could cause 
a very special mistake? 



16 • a + 37 b 6 a b 

4 a + 1G b 4 . a 2 _ 25 b 2 

3 b 

2 (2 a - 5 b) 



<16a+37b)/<4a+lQb) + 6a*b/<4a yv 2,..| 



MAIN MO AUTD FUNC 1/30 



[? 1 gebralcaTcTotherlprgn I ole 1 ear 6 a-z... ] 

1 1 1 1 Z^Z ' "d — ZTTTj 

■ kgv( 4a + 10b,4a 2 -25b 2 ) + gn 

2 (2 a - 5 b) (2 a + 5 b) 

■ ew(4 ■ a + 10 ■ b) 2 a -5 b 

■ew(4a 2 -25b 2 ) 2 

■(16 a + 3? ■ b) (2 a - 5 b) + 6 a b 2 - 4 gn 

6 a • b + 15 b 2 



<16a + 37b>*<2a-5b> + 6a.*b*2-4*sn 



FUNC S/30 



Compare the common denominator and the factors 
used to bring all the numerators over a common de- 
nominator. 

Explain the last part in the edit line: 

-4 * gn: 

How to work with an expanding factor 
ew( )? -4 * ew( 



The remaining work is very easy: 

Explain the relation between left and right hand 
side in the last row of the history area: 



f 1 gebr alcaYcIot herlprqri I ole 1 ear* a-z... 1 






■ ew(4 • a + 10 ■ b) 


2 a - 5 b 


■ ew( 4 ■ a 2 - 25 ■ b 2 ) 


2 


■(16 a + 37 b) (2 a 


-5b) + 6ab-2-4gn 




6 a b + 15 b 2 


_ 6 a b + 15 b 2 


3 b 


gn 


2 (2 a -5 b) 




MAIN RAO AUTD 


FUNC fi/JO 



The underlying basic idea sounds very strange and controversary: 




In addition to all the wellknown reasons to include modem technologies into mathematics teaching, 
which I like and support in a very high degree, I also use the technology in many cases to improve ma- 
nipulatings skills which seem to be no longer of any importance by using these technologies. 

If you would like to try some of the tools presented in this paper, then please contact me. I would appre- 
ciate any suggestions and ideas dealing with this topic. 

Josef Bohm 

Bundeshandelsakademie St.Polten 
A 3100 St. Polten 
Waldstr. 1 
Austria 

email: nojo.boehm@pgv.at 
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